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Abstract
The focusing Nonlinear Schro¨dinger (NLS) equation is the simplest
universal model describing the modulation instability (MI) of quasi
monochromatic waves in weakly nonlinear media, the main physical
mechanism for the generation of rogue (anomalous) waves (RWs) in
Nature. In this paper we investigate the x-periodic Cauchy problem
for NLS for a generic periodic initial perturbation of the unstable
constant background solution, in the case of N = 1, 2 unstable modes.
We use matched asymptotic expansion techniques to show that the
solution of this problem describes an exact deterministic alternate
recurrence of linear and nonlinear stages of MI, and that the nonlinear
RW stages are described by the N-breather solution of Akhmediev
type, whose parameters, different at each RW appearence, are always
given in terms of the initial data through elementary functions. This
paper is motivated by a preceeding work of the authors in which a
different approach, the finite gap method, was used to investigate
periodic Cauchy problems giving rise to RW recurrence.
Introduction. The self-focusing Nonlinear Schro¨dinger (NLS) equation
iut + uxx + 2|u|2u = 0, u = u(x, t) ∈ C (1)
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is a universal model in the description of the propagation of a quasi monochro-
matic wave in a weakly nonlinear medium; in particular, it is relevant in deep
water [60], in nonlinear optics [48, 16, 46], in Langmuir waves in a plasma
[50], and in the theory of attracting Bose-Einstein condensates [15]. It is
well-known that its elementary solution
u0(x, t) = exp(2it), (2)
describing Stokes waves [49] in a water wave context, a state of constant
light intensity in nonlinear optics, and a state of constant boson density in a
Bose-Einstein condensate, is unstable under the perturbation of waves with
sufficiently large wave length [51, 12, 60, 65, 52, 47], and this modulation
instability (MI) is considered as the main cause for the formation of rogue
(anomalous, extreme, freak) waves (RWs) in Nature [28, 23, 44, 32, 33, 43].
RWs are transient waves appearing, apparently from nowhere, in all the
above physical contexts.
The integrable nature [61] of the NLS equation allows one to construct a
family of exact solutions corresponding to perturbations of the background
(2), using degenerations of finite-gap solutions [30, 11, 36, 37] or, more di-
rectly, using classical Darboux [41, 24] - Dressing [62, 63] techniques. Among
these basic solutions, we mention the Peregrine soliton [45], rationally lo-
calized in x and t over the background (2), the so-called Kuznetsov [38] -
Ma [40] soliton, exponentially localized in space over the background and
periodic in time, and the Akhmediev breather [6, 7]. These solutions have
also been generalized to the case of multi-soliton solutions, describing their
nonlinear interaction, see, f.i., [22, 30, 29, 9, 64]. Generalizations of these
solutions to the case of integrable multicomponent NLS equations have also
been found [10, 21].
Concerning the NLS Cauchy problems in which the initial condition con-
sists of a perturbation of the exact background (2), if such a perturbation is
localized, then slowly modulated periodic oscillations described by the ellip-
tic solution of (1) play a relevant role in the longtime regime [13, 14]. If the
initial perturbation is x-periodic, numerical experiments and qualitative con-
siderations indicate that the solutions of (1) exhibit instead time recurrence
[57, 58, 59, 8, 56, 39], as well as numerically induced chaos [1, 2, 4], in which
the almost homoclinic solutions of Akhmediev type seem to play a relevant
role [17, 18, 19]. There are reports of experiments in which the Peregrine
and Akhmediev solitons were observed [20, 34, 59, 53], but no analytic proof
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of their relevance within generic Cauchy problems associated with NLS has
been given so far, to the best of our knowledge, prior to our work.
In the paper [25] and in this paper we answear some of these basic ques-
tions and others, investigating, by two different approaches: the finite gap
method [42, 31, 35] and, respectively, matched asymptotic expansion tech-
niques, the NLS equation (1) on the segment [0, L], with periodic boundary
conditions, and we consider, as initial condition, a generic, smooth, periodic,
zero average, small perturbation of the background solution (2):
u(x, 0) = 1 + (x), (x+ L) = (x), ||(x)||∞ =  1,
L∫
0
(x)dx = 0.
(3)
It is well-known that, in this Cauchy problem, the MI is due to the fact that,
expanding the initial perturbation in Fourier components:
(x) =
∑
j≥1
(
cje
ikjx + c−je−ikjx
)
, kj =
2pi
L
j, |cj| = O(), (4)
and defining N ∈ N+ through the inequalities piL− 1 < N < piL, the first N
modes ±kj, 1 ≤ j ≤ N , are unstable, since they give rise to exponentially
growing and decaying waves of amplitudes O(e±σjt), where the growing fac-
tors σj are defined by
σj = kj
√
4− k2j > 0, (5)
while the remaining modes give rise to oscillations of amplitude O(e±iωjt),
where ωj = kj
√
k2j − 4, and therefore are stable.
We have in mind the following qualitative recurrence scenario for finite N .
The exponentially growing waves become O(1) at times of O(σj
−1| log |),
when one enters the nonlinear stage of MI and one expects the generation of
a transient, O(1), coherent structure, described by a soliton - like solution
of NLS over the unstable background (2), the so-called RW. Such a RW will
have an internal structure, due to the nonlinear interaction between the N
unstable Fourier modes, fully described by the integrable NLS theory. Due
again to MI, such a coherent RW is expected to be destroyed in a finite
time interval, and one enters the third asymptotic stage, characterized, like
the first one, by the background plus an O() perturbation, and described
again by the NLS theory linearized around the background. This second
linearized stage is expected, due again to MI, to give rise to the formation of
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a second nonlinear stage of MI. This procedure should iterate forever, in the
integrable NLS model, giving rise to the generation of an infinite sequence
of RWs. Therefore one is expected to be dealing with the following basic
deterministic issues. For a given generic initial condition of the type (3), how
to predict: 1) the “generation time” of the first RW; 2) the “recurrence times”
measuring the time intervals between two consecutive RWs; the analytic form
of this deterministic sequence of RWs.
Using the finite gap method, in [25] we have studied the case in which
the initial perturbation excites a single unstable mode. We distinguished two
subcases. In the first subcase in which only the corresponding unstable gap
is theoretically open, the solution describes an exact deterministic alternate
recurrence of linear and nonlinear stages of MI, and the nonlinear RW stages
are described by the 1-breather Akhmediev solution, whose parameters, dif-
ferent at each RW appearence, are always given in terms of the initial data
through elementary functions. If the total number N of unstable modes is
> 1, this uniform in t dynamics is sensibly affected by perturbations due to
numerics and/or real experiments, provoking O(1) corrections to the result,
unless N = 1. In the second subcase in which more than one unstable gap is
open, we obtain the elementary description of the first nonlinear stage of MI,
given again by the Akhmediev 1-breather solution, and how perturbations
due to numerics and/or real experiments can affect this result. In addition,
in [26] we have shown that the finite gap recurrence formulas constructed in
[25] are a good model for describing the numerical (and physical) instabilities
of the Akhmediev breather.
Since, in the first subcase of [25], the solution is given in terms of different
elementary functions in different time intervals, obviously matching in the
intermediate regions, Matched Asymptotic Expansions (MAEs) techniques
are suggested as an alternative approach to the problem and, in this paper,
concentrating on the cases of N = 1 and N = 2 unstable modes, we show
how to construct, via MAEs, the analytic formulas describing the exact RW
recurrence, deterministically generated by the generic initial condition (3)
and remarkably given in terms of elementary functions. As we shall see, each
RW of the sequence is described, in the finite t-interval in which it appears, by
theN -breather solution of Akhmediev type (x-periodic, localized in time, and
changing the background phase at each appearance). Such solution depends
on (3N + 1) real parameters that can be expressed, through elementary
functions, in terms of the initial data. Each RW of the sequence is therefore
characterized by its own set of (3N + 1) parameters, and the simple relation
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between the set of parameters of two consecutive RWs, generated by the
integrable NLS dynamics, is unveiled. If N = 1, one of course recovers the
formulas already derived in [25] via the finite gap method.
These results, presented here for N = 1 and N = 2, can be generalized
without any conceptual difficulty to the case of an arbitrary number N of un-
stable modes, and this is one of the research lines we are presently following.
We are also exploring, at the same time, the interesting case in which N  1
and the situation in which the parameters appearing in the initial condition
are random. This last Cauchy problem has been investigated numerically in
[3].
We first consider the case in which the initial perturbation (3) excites
only the unstable modes. Then, for |t| ≤ O(1), one can show that:
u(x, t) = e2it
(
1 +
N∑
j=1
(
|αj |
sin 2φj
eσjt+iφj cos[kj(x−X+j )]+
|βj |
sin 2φj
e−σjt−iφj cos[kj(x−X−j )]
))
+O(2),
(6)
where
αj = cj − e2iφjc−j, βj = c−j − e−2iφjcj,
X+j =
arg(αj)−φj+pi/2
kj
, X−j =
− arg(βj)−φj+pi/2
kj
,
σj = 2 sin(2φj), kj = 2 cosφj ⇔ φj = arccos(kj/2), j = 1, . . . , N.
(7)
The initial datum splits into exponentially growing and decaying waves, re-
spectively the α- and β-waves, each one carrying half of the information
encoded into the initial datum. At t = O(| log |), the exponentially growing
α-waves become O(1) and the solution is described by an exact NLS solution
matching with the asymptotic formula
u(x, t) ∼ e2it
N∑
j=1
(
1 +
|αj|
sin 2φj
eσjt+iφj cos[kj(x−X+j )]
)
, (8)
obtained evaluating (6) in the intermediate region 1 t O(| log |).
The case N = 1. We first specialize our calculation choosing N = 1.
Therefore we are looking, in the nonlinear region t = O(| log |), for an exact
1-mode, x-periodic, transient solution of NLS, matching with (8) for N = 1
in the overlapping region 1 t O(| log |). The natural candidate for such
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a solution is the well-known Akhmediev 1-breather [6, 7]:
A1(x, t; θ1, x1, t1, ρ) = e
2it+iρ cosh[Σ1(t− t1) + 2iθ1] + sin θ1 cos[K1(x− x1)]
cosh[Σ1(t− t1)]− sin θ1 cos[K1(x− x1)] ,
(9)
where
K1 = 2 cos θ1, Σ1 = 2 sin(2θ1), (10)
and θ1, x1, t1, ρ are 4 arbitrary real parameters to be fixed via MAE.
It is well-known that this solution is exponentially localized in time over
the background u0, changing it by the multiplicative phase factor e
4iθ1
A1(x, t; θ1, x1, t1, ρ)→ e2it+i(ρ±2θ1), as t→ ±∞, (11)
and that its modulus takes its maximum at the point (x1, t1), with |A1(x1, t1;
θ1, x1, t1, ρ)| = 1 + 2 sin θ1 .
Since, in the overlapping region, the solution (9) should match with (8)
for N = 1, it easily follows that θ1 = φ1 and, consequently, K1 = k1 and
Σ1 = σ1, where k1, σ1, φ1 are defined in (7); in addition x1 = X
+
1 , ρ = 2φ1,
and t1 = T1(|α1|) = O(σ−11 | log |), where
T1(ζ) ≡ 1
σ1
log
(
σ21
2ζ
)
, ζ > 0. (12)
Therefore the first RW appears in the finite t-interval |t− T1(|α1|)| ≤ O(1),
and is described by the Akhmediev 1 - breather solution of NLS:
u(x, t) = A1
(
x, t;φ1, X
+
1 , T1(|α1|), 2φ1
)
+O(), (13)
whose parameters are expressed in terms of the initial data through elemen-
tary functions. It is important to remark that the first RW contains informa-
tions only on half of the initial data (the half encoded in the parameter α1:
the α1-wave), and that the modulus of the first RW generated by the initial
condition (3),(4) acquires its maximum at t = T1(|α1|) in the point x = X+1 ,
mod L; and the value of this maximum is
|u(X+1 , T1(|α1|))| = 1 + 2 sinφ1 < 1 +
√
3 ∼ 2.732. (14)
This upper bound, consequence of the formula sinφ1 =
√
1− (pi/L)2, pi <
L < 2pi, is obtained when L→ 2pi. We also notice that the position x = X+1
6
of the maximum of the RW coincides with the position of the maximum of the
growing sinusoidal wave of the linearized theory; this is due to the absence
of nonlinear interactions with other unstable modes, if N = 1.
To find the relation between two consecutive RWs, we could in principle
proceed trying to construct the next asymptotic stage, the second stage of
linear MI, matching it with the above first RW stage. But this matching
is technically difficult for the following reason. The α1-wave, initially O(),
becomes the O(1) RW (13) and then decays exponentially, while the β1-wave,
also O() initially, becomes O(2) during the first nonlinear stage of MI, and
then grows exponentially, becoming the main responsible for the generation
of the second RW of the sequence (this mechanism is also an important
source of instability). From these considerations, in order to be able to get
the analytic description on the second RW appearance, one should dig to
O(2) when the first RW appears, to extract informations on the hidden β1-
wave, and this is technically rather difficult. Fortunately this difficulty can
be overcome by the following simple trick, consisting in going backward in
time from the initial condition (3),(4). Indeed formula (6) describes the NLS
dynamics also for finite, negative times; but, in this case, it is the β - wave
to be dominant in the asymptotic region 1 |t|  O(| log |), t < 0:
u(x, t) ∼ e2it
(
1 +
|β1|
sin 2φ1
cos[k1(x−X−1 )]e−σ1t−iφ1
)
. (15)
It follows that, in the nonlinear region |t| = O(σ−11 | log |), t < 0, the solution
is again described by (9), whose parameters are now fixed matching with
(15). Repeating the above calculations, one obtains that, going backward for
negative times, the first RW appears in the time interval |t+T1(|β1|)| ≤ O(1)
and, in this region, is described again by the Akhmediev 1-breather solution
of NLS, but with different parameters:
u(x, t) = A1
(
x, t;φ1, X
−
1 ,−T1(|β1|),−2φ1
)
+O() (16)
Comparing the two consecutive RWs (16) and (13) and, in particular,
their expressions respectively at t = −T1(|β1|) and t = T1(|α1|):
u(x,−T1(|β1|)) = e−2iT1(|β1|)−2iφ1 cos(2φ1)+sinφ1 cos[σ1(x−X
−
1 )]
1−sinφ1 cos[k1(x−X−1 )]
+O(),
u(x, T1(|α1|)) = e2iT1(|α1|)+2iφ1 cos(2φ1)+sinφ1 cos[σ1(x−X
+
1 )]
1−sinφ1 cos[k(x−X+1 )]
+O(),
(17)
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we see that the two functions of x coincide, at the leading order, up to an
overall multiplicative phase factor and a global shift in the x direction:
u(x, T1(|α1|)) = e2iTp+4iφ1u(x−∆(x)1 ,−T1(|β1|)) +O() (18)
where
Tp = T1(|α1|) + T1(|β1|) = 2σ1 log
(
σ21
2
√
|α1β1|
)
,
∆
(x)
1 = X
+
1 −X−1 = arg(α1β1)k1 .
(19)
We conclude that the Cauchy problem (3) gives rise to an infinite sequence
of RWs, and the nth RW of the sequence (n ≥ 1) is described, in the time
interval |t−T1(α1)−(n−1)T | ≤ O(1), by the analytic deterministic formula:
u(x, t) = A1
(
x, t;φ1, x
(n)
1 , t
(n)
1 , ρ
(n)
)
+O(), n ≥ 1, (20)
where
x
(n)
1 = X
+
1 + (n− 1)∆(x)1 , t(n)1 = T1(|α1|) + (n− 1)Tp,
ρ(n) = 2φ1 + (n− 1)4φ1, (21)
in terms of the initial data (see Figures 1).
Figures 1. The 3D and level plots of |u(x, t)| describing the RW sequence,
obtained through the numerical integration of NLS via the Split Step Fourier
Method (SSFM) [5, 54, 55]. Here L = 6 (N = 1), with c1 = /2, c−1 = (0.3−
0.4i)/2,  = 10−4, and the short axis is the x-axis, with x ∈ [−L/2, L/2]. The
numerical output is in perfect agreement with the theoretical predictions.
Keeping in mind the asymptotic properties (11) of the Akhmediev breather,
one can easily construct the following uniform in space-time representation
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of the solution of the Cauchy problem, in terms of elementary functions,
describing the first n RW appearances, for 0 ≤ t ≤ t(n)1 +O(1):
u(x, t) =
n∑
m=0
A1
(
x, t;φ1, x
(m)
1 , t
(m)
1 , ρ
(m)
)
− 1−e4inφ1
1−e4iφ1 e
2it, x ∈ [0, L], (22)
where the parameters x
(m)
1 , t
(m)
1 , ρ
(m), m ≥ 0, are defined in (21). It turns
out that this representation is accurate up to O(2| log |) in the regions de-
scribing the linear stages of modulation instability, and up to O() in the re-
gions describing the nonlinear stages of modulation instability (the sequence
of RWs).
We first remark that each RW of the sequence changes the background
exactly by the factor e4iφ1 and, due to (14), the upper bound for the ampli-
tude of each RW of the sequence is (1 +
√
3) ∼ 2.732 times the background
amplitude.
We also remark that the RW dynamics is periodic also in time, with
the period Tp given in (19), up to the above overall multiplicative phase
factor and the global phase shift in the x direction (see Figures 1). Actually,
using the finite gap method, we have been able to show in [25] that such a
time periodicity is extended also to the time regions in which the solution is
described by a small perturbation of the background, through the formula:
u(x, t+ Tp) = e
2iTp+4iφ1u(x−∆(x)1 , t) +O(2| log |), t ≥ 0.
At last, if the initial condition is the generic one (3),(4) for N = 1, then
the solution (6) contains also O() oscillations in the region |t| ≤ O(1). But
its behavior in the overlapping region 1  |t|  O(σ1−1| log |), for t > 0
and t < 0 is still given by equations (8) and (15), and the matching is not
affected at the leading O(1) . Therefore the sequence of RWs is still described
by equations (20), (21), and the differences between the two Cauchy prob-
lems are hidden in the O() corrections. As far as the O(1) RW recurrence
is concerned, only the part of the initial perturbation (x) exciting the first
unstable mode is relevant.
The above formulas, first discovered in [25] using the finite gap method,
have been obtained here using a simpler mathematical tool: matched asymp-
totic expansions techniques.
The case N = 2. If N = 2, corresponding to 2pi < L < 3pi, and we first
choose the simplest nontrivial initial condition in which one excites just the
two unstable modes: u(x, 0) = 1+
2∑
j=1
(cje
ikjx+ c−je−ikjx), where cj, c−j, j =
9
1, 2 are arbitrary O() complex parameters and the wave numbers kj, j = 1, 2
are defined in (5). This initial condition evolves, for finite times, as in (6)
with N = 2, and, in the intermediate region 1 t O(| log |), behaves as:
u(x, t) ∼ e2it
(
1 +
2∑
j=1
( |αj|
sin 2φj
eσjt+iφj cos[kj(x−X+j )]
))
. (23)
This formula must be matched with an exact 2-mode, x-periodic, transient
solution of NLS appearing in the nonlinear region t = O(| log |). Now the
natural candidate for such a solution is the 2-breather solution of Akhmediev
type over the background u0 [9],[18],[64]:
A2(x, t; θ1, θ2, x1, x2, t1, t2, ρ) = e
2it+iρN(x, t)
D(x, t)
, (24)
where
N(x, t) = cosh[Σ1(t− t1) + Σ2(t− t2) + 2i(θ1 + θ2)]
+(a12(θ1, θ2))
2 cosh[Σ1(t− t1)− Σ2(t− t2) + 2i(θ1 − θ2)]
+2a12(θ1, θ2)
{
sin θ1 cosh[Σ2(t− t2) + 2iθ2] cos[K1(x− x1)]
+ sin θ2 cosh[Σ1(t− t1) + 2iθ1] cos[K2(x− x2)]
}
+b−12(θ1, θ2) cos[K1(x− x1) +K2(x− x2)]
+b+12(θ1, θ2) cos[K1(x− x1)−K2(x− x2)],
(25)
D(x, t) = cosh[Σ1(t− t1) + Σ2(t− t2)]
+(a12(θ1, θ2))
2 cosh[Σ1(t− t1)− Σ2(t− t2)]
−2a12(θ1, θ2)
{
sin θ1 cosh[Σ2(t− t2)] cos[K1(x− x1)]
+ sin θ2 cosh[Σ1(t− t1)] cos[K2(x− x2)]
}
+b−12(θ1, θ2) cos[K1(x− x1) +K2(x− x2)]
+b+12(θ1, θ2) cos[K1(x− x1)−K2(x− x2)],
(26)
Kj = 2 cos θj, Σj = 2 sin 2θj, j = 1, 2,
a12(θ1, θ2) =
sin(θ1+θ2)
sin(θ1−θ2) , b
±
12(θ1, θ2) =
sin θ1 sin θ2(cos θ1±cos θ2)2
sin2(θ1−θ2) ,
(27)
and the arbitrary 7 real parameters ρ, θj, xj, tj, j = 1, 2 have to be fixed
by matching. The solution (24) changes the background by the phase factor
e4i(θ1+θ2):
A2(x, t; θ1, θ2, x1, x2, t1, t2, ρ)→ e2it+i[ρ±2(θ1+θ2)], as t→ ±∞. (28)
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Since (24) has to be matched with (23), we immediately infer, as before,
that θj = φj and, consequently, that Kj = kj, Σj = σj, j = 1, 2; in addition
ρ = 2(φ1 + φ2), xj = X
+
j and tj = Tj(|αj|), j = 1, 2, where now the two
times Tj, j = 1, 2 depend on the nonlinear interaction factor a12(φ1, φ2):
Tj(ζ) ≡ 1
σj
log
(
a12(φ1, φ2) σ
2
j
2ζ
)
, ζ > 0, j = 1, 2. (29)
Therefore the first RW appears in the time interval |t−(T1(|α1|)+T2(|α2|))/2)| ≤
O(1) and, in this region, it is described by the 2-breather solution of Akhme-
diev type:
u(x, t) = A2
(
x, t;φ1, φ2, X
+
1 , X
+
2 , T1(|α1|), T2(|α2|), 2(φ1 + φ2)
)
+O(). (30)
To find the relation between two consecutive RWs, it is convenient, as
before, to use the same trick used for N = 1, going backward in time from
the initial condition. Indeed formula (6) describes the NLS dynamics also
for finite, negative times; but, in this case, the β - waves are dominant in the
asymptotic region 1 |t|  O(| log |), t < 0:
u(x, t) ∼ e2it
(
1 +
2∑
j=1
|βj|
sin 2φj
cos[kj(x−X−j )]e−σjt−iφj
)
. (31)
Therefore, for |t| = O(| log |), t < 0, the solution is again described by (24),
whose parameters are now fixed matching with (31).
Repeating the above simple calculations, one obtains that, at negative
times, the first RW appears in the time interval |t+(T1(|β1|)+T2(|β2|))/2)| ≤
O(1) and, in this region, is described again by the 2-breather solution of NLS,
but with different parameters:
u(x, t) = A2
(
x, t;φ1, φ2, X
−
1 , X
−
2 ,−T1(|β1|),−T2(|β2|),−2(φ1 + φ2)
)
+O().
(32)
Comparing the two consecutive RWs (32) and (30) one infers the following
simple rule: the NLS dynamics generates a sequence of RWs described by the
2-breather solution of NLS, and if {x(n)1 , x(n)2 , t(n)1 , t(n)2 , ρ(n)} are the parameters
associated with the nth RW, the parameters {x(n+1)1 , x(n+1)2 , t(n+1)1 , t(n+1)2 , ρ(n+1)}
associated with the (n+ 1)th RW are given by the simple formulae:
x
(n+1)
j = x
(n)
j + ∆
(x)
j , t
(n+1)
j = t
(n)
j + ∆
(t)
j , ρ
(n+1) = ρ(n) + ∆(ρ), (33)
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where
∆(ρ) = 4(φ1 + φ2), ∆
(x)
j = X
+
j −X−j = arg(αjβj)kj ,
∆
(t)
j = Tj(|αj|) + Tj(|βj|) = 2σj log
(
a12(φ1,φ2) σ2j
2
√
|αjβj |
)
, j = 1, 2,
(34)
and the nth RW of the sequence (n ≥ 1) is described by the analytic deter-
ministic formula:
u(x, t) = A2
(
x, t;φ1, φ2, x
(n)
1 , x
(n)
2 , t
(n)
1 , t
(n)
2 , ρ
(n)
)
+O(), n ≥ 1, (35)
where
x
(n)
j = X
+
j + (n− 1)∆(x)j , t(n)j = Tj(|αj|) + (n− 1)∆(t)j , j = 1, 2,
ρ(n) = 2(φ1 + φ2) + (n− 1)∆(ρ) (36)
in terms of the initial data (see Figures 2).
Figures 2. The 3D and level plots of |u(x, t)|, obtained through the numerical
integration of NLS via the SSFM, and generated by the data L = 7.05,  =
0.001, c1 = (0.25 + 0.35i), c−1 = (−0.15− 0.2i), c2 = (0.15− 0.2i), c−2 =
(0.15+0.2i), in very good agreement with the theoretical formulas (35),(36).
For this choice of the data, the time differences |T1(|α1|) − T2(|α2|)| = 0.17
and |T1(|β1|) − T2(|β2|)| = 0.15 are small; therefore the two unstable modes
are fully developed at almost the same times during the recursion, and have
a truly nonlinear interaction for a longtime. The short axis is the x-axis,
with x ∈ [−L/2, L/2].
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Using (28), one obtains, as for N = 1, the uniform in space-time rep-
resentation of the solution of the Cauchy problem, for N = 2, in terms of
elementary functions, describing the first n RW appearances, for 0 ≤ t ≤
(t
(n)
1 + t
(n)
2 )/2 +O(1) and x ∈ [0, L]:
u(x, t) =
n∑
m=0
A2
(
x, t;φ1, φ2, x
(m)
1 , x
(m)
2 , t
(m)
1 , t
(m)
2 , ρ
(m)
)
− 1−e4in(φ1+φ2)
1−e4i(φ1+φ2) e
2it,
(37)
where the parameters x
(m)
j , t
(m)
j , ρ
(m), m ≥ 0, j = 1, 2, are defined in (36).
Again this representation is accurate up to O(2| log |) in the linear regions,
and up to O() in the nonlinear regions.
We first remark that the above formulas (35),(36),(37) well describe the
RW recurrence if |t(1)1 − t(1)2 |  1, like in the numerical experiment in Figures
2, implying that the two nonlinear modes appear almost at the same time,
and keep interacting for many recurrences. Instead, if the initial data are
such that |t(1)1 − t(1)2 | = O(1), then the two modes tend to separate, and
the slower one will start soon interacting with the faster one of the next
generation; at this stage, the above formulas should be properly rewritten
(we shall discuss this interesting issue in a subsequent paper).
We also remark that, for N > 1, there is no time periodicity.
At last, if the initial condition is the generic one (3),(4), for N = 2, then
the solution (6) contains also O() oscillations coming from the excitation of
the stable modes. But the behavior of the solution in the overlapping regions
1  |t|  O(| log |), for t > 0 and t < 0 is still given respectively by equa-
tions (23) and (31), and the matching at O(1) is not affected. Therefore the
sequence of RWs is still described by equations (35), (36), and the differences
between the two Cauchy problems are hidden in the O() corrections.
The RW inverse problem. We have established that, as far as the O(1)
RW recurrence is concerned, only the “unstable part” unst(x) ≡
N∑
j=1
(cje
ikjx+
c−je−ikjx) of the initial perturbation (4) is relevant. Here we show how to
reconstruct, from the relevant O(1) data of the RW recurrence, the unstable
part unst(x) of the O() initial perturbation, and we illustrate the procedure
in the simplest case of N = 1.
If the measured period L of the sequence of RWs is such that pi < L < 2pi,
then we are in the case N = 1, with k1 =
2pi
L
, φ1 = arccos(pi/L), σ1 =
2 sin(2φ1). From the “experimental” observation of the points (x
(1)
1 , t
(1)
1 ) and
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(x
(2)
1 , t
(2)
1 ) at which the modulus of the first and respectively the second RW
of the sequence have their maxima, we construct, from (21),(19),(12),(7), the
O() parameters α1, β1, through the formulas
|α1| = σ
2
1
2
e−σ1t
(1)
1 , argα1 = k1x
(1)
1 + φ1 − pi2 ,
|β1| = σ
2
1
2
e−σ1(t
(2)
1 −2t(1)1 ), arg β1 = k1(x
(2)
1 − 2x(1)1 )− φ1 + pi2 .
(38)
At last, from the knowledge of α1, β1, one finally reconstructs the O() Fourier
coefficients c1, c−1 using (7):
c1 =
α¯1 + e
−2iφ1β1
1− e−4iφ1 , c−1 =
e2iφ1α1 + β¯1
1− e4iφ1 . (39)
Conclusions and open problems. We end this paper remarking that the
analytic results obtained here for the Cauchy problem (3), in the case of one
and two unstable modes only, allow one to easily predict what is going to
happen to the generic Cauchy problem (3) in the case of N unstable modes.
One expects that the solution describe and exact deterministic alternate re-
currence of linear and nonlinear stages of MI, and that the nonlinear RW
stages be described by the N-breather solution of Akhmediev type, depending
on the 3N + 1 parameters
{φj, x(n)j , t(n)j , ρ(n+1)}j=1,...,N , (40)
all expressed in terms of the initial data via elementary functions. Therefore
the RW dynamics is reduced to the study of the mapping
{φj, x(n)j , t(n)j , ρ(n)}j=1,...,N → {φj, x(n+1)j , t(n+1)j , ρ(n+1)}j=1,...,N (41)
between the parameters of two consecutive RWs of the sequence. This prob-
lem, solved in this paper for N = 1, 2, is presently under investigation by
the authors using the same approach we proposed here, and no conceptual
problems are expected to arise [27].
Other interesting open problems are also under investigation, within the
Cauchy problem (3): a) the case N  1 and the continuous limit of this
theory; b) the case in which the arbitrary complex parameters cj appearing
in the initial data are random; c) the effect of numerical and physical pertur-
bations of the NLS model on the above RW recurrence; d) testing the above
results on the RW recurrence of the NLS model in real experiments.
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